The analyticity properties of scattering amplitude and its behavior at asymptotic energies in considered in the axiomatic LSZ formulation. The existence of Lehmann ellipse is proved. The analog of Froissart bound in D spacetime dimensions is derived.
a2. The theory is invariant under inhomogeneous Lorentz transformations. a3. The energy-momentum of the states are defined. It follows from the requirements of Lorentz and translation invariance that we can construct a representation of the orthochronous Lorentz group. The representation corresponds to unitary operators,Û(â,L), and the theory is invariant under these transformations. Thus there are hermitian operators corresponding to spacetime translations, denoted asPμ , withμ = 0, 1, 2, 3, D 1 which have following properties:
Pμ ,Pn = 0 (1)
IfF (x) is any Heisenberg operator then its commutator withPμ is Pμ ,
It is assumed thatF carries no explicit spacetime depedance. If one chooses a representation where the translation operators,Pμ , are diagonal and the basis vectors |p,â > span the Hilbert space,Ĥ , such thatPμ |p,â >=pμ |p,â >
then more precise statements can be made:
• Existence of the vacuum: there is a unique invariant vacuum state |0 > which has the propertŷ
The vacuum is unique and is Poincaré invariant.
• The eigenvalue ofPμ ,pμ , is light-like, withp 0 > 0. We are concerned only with massive stated in this discussion. If we implement infinitesimal Poincare transformation on the vacuum state then
Pμ |0 >= 0, andMμn |0 >= 0 (5) note thatMμn are the generators of Lorentz transformations.
a4. The locality: two bosonic local operatorsÔ 1 (x) andÔ 2 (x 0 ) commute when they are separated by spacelike distance.
Our Minkowski metric convention is:
is hermitian.F transforms as a scalar under inhomogeneous Lorentz
In the frameworks of general relativistic quantum field theories, for D = 4,. the scattering amplitude, F(s,t), is an analytic function of the center of mass energy squared, s, for fixed t, the momentum transfers squared. The dispersion relations in s have been proved for t is within Lehmann-Martin ellipse. This is derived from the axiomatic approach of LSZ [1] . Thus our task is to generalize these results to arbitrary D > 4. Thus what are the steps neded to derive the dispersion relations and then prove the analog of Froissart bound on total cross sections for D > 4 theories.? First, to write a fixed-t dispersion relation, it is essential to prove the existence of Lehmann ellipses. The scattering amplitude, in D > 4 admits a partial wave expansion; the basis functions being the Gegenbauer polynomials which converges in the domain 1  cosq  +1. It is required to find an enlarged domain of convergence for the amplitude, in cosq which is generalization of Lehmann's technique. In order to achieve this goal, we have to prove analog of Jost-Lehmann-Dyson theorem [6, 7] for D > 4. Next, we need to study the crossing properties of the amplitude. We mention en passant, for D = 4, the existence of the Lehmann ellipses does not lead to the Froissart bound. It is necessary to prove the Martin's theorem which is the enlargement of the domain of analyticity of the scattering amplitude. It is analytic the product of two complex domains: D s ⌦ D t . Thus a generalized proof of Martin's theorem is required. In what follows, we shall summarize our results and we refer the reader to the two works which contains details [8, 9] . Let us incorporate the key features of the scattering amplitude, starting with the expression for the four point amplitude as derived in the LSZ framework. The scattering is described by
where Rf c (x)f † b (y) is the retarded product of fields and we have maintained the identities of fields to keep track of the fields reduced. We write f † b (y) for the same reason. Our convention is that 
We have used the relation
with the tacit understanding that the r.h.s of the relation contains derivatives of d -functions in general. However, when Fourier transformed, they lead to polynomials in s or t oru since the amplitude is Lorentz invariant. The presence of such terms do not affect the analyticity properties of the amplitude. Thus, the scattering amplitude (9) expressed as [?, ?]
where P = (p b p c )
2
. In deriving (10) we have reduced c and b. If we reduce c and d the amplitude is expressed as
The two equations derived above for the amplitude, F, are special cases of a generic retarded function
j l and j m are two generic currents and indices take values a, b, c, d. The two states |Q f > and |Q i > carry D-dimensional momenta Q f and Q i respectively and these momenta are held fixed. Thus the argument of F R does not display Q f and Q i and we treat them as parameters for the discussions to follow. We define two more functions for our later conveniences.
and
From above definitions, it follows that
Since F C is commutator of two currents, we open up the commutator in terms of products of currents j l ( z 2 ) j m ( z 2 ) j m ( z/2) j l (z/2). Then we introduce complete set of physical states, Â n |p n a n >< p n a n | = 1 between the product of currents. This is how one obtains a spectral representation for F C (q) and then those for F R (q) and F A (q). The microcausality plays a very important role in deriving a representation for F C (q) and hence for the advanced and retarded functions. For the D > 4 theories, we have derived the generalized J-L-D theorem and shown that the singularities of F R (q) lie in the complex plane. This is the starting point to prove the existence of small and large Lehmann ellipses for our case. Moreover, we also prove, for the case of the four point amplitude, the crossing symmetry following the original arguments of Bros, Epstein and Glaser. Therefore, the results derived for the higher dimensional theories may listed as (i) the spectral representations for F C (q), F R (q) and F A (q). (ii) The generalized J-L-D theorem and proof of the existence of the Lehmann ellipses and (iii) the crossing property of the four point amplitude. Therefore, fixed-t dispersion relations can be written down. The next task is to identify the product domains of analyticity of the amplitude. We have to resort to the partial wave expansion. As an example consider D = 10 . The isometry group is SO(9) for a massive scalar case. When we expand in the 'spherial harmonics', the amplitude depends on angular momenta denoted by l 2 , ...l 5 , magnetic quantum numbers m 1 , ...m 4 ; the corresponding angles are q 2 , ...q 5 . The four azimuthal angles are f 1 , ...f 4 . The 'spherical harmonics' are
For the scattering of scalars, there is only one scattering angle since rest of the angles are integrated out. The basis functions are the Gegenbauer polynomials, C l l (cosq ). The partial wave expansion is [12] F l = A 1 s l +1/2
where l = 1 2 (D 3). The amplitude F l (s,t) = F(s,t). We analysed the analyticity properties of F l (s,t). The partial wave unitarity relation assumes the form
Indeed, we derived the analog of Martin's theorem for the D-dimensional case utilizing partial wave unitarity and positivity properties of the absorptive amplitude and its t-derivatives. We showed that a domain, |t| < R, R independent of s, where partial wave expansion converges and R was determined in terms of m. Therefore, (i) with the proof of J-L-D theorem, (ii) derivation of the Lehmann ellipses, (iii) crossing symmetry and (iv) demonstration of fixed-t dispersion relation, generalized the proof the analyticity of the amplitude for D > 4. We derived analog of the Froissart-Martin bound for D > 4. In order to arrive at this bound we had proved the analog of Jin-Martin bound on the amplitude which fixed the number of subtractions required in writing the dispersion relation. The result is |F l (s,t = 0)| < Constant s(lns) D 2
The desired bound is
where B(l ) = 2 l G(l )G(l +1/2) p 3/2 G 2 (2l ) .
